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Abstract. Inspired by work of Scheepers and Tall, we use properties defined by 
topological games to provide bounds for the cardinality of topological spaces. We 
obtain a partial answer to an old question of Bell, Ginsburg and Woods regarding 
the cardinality of weakly Lindelof first-countable regular spaces and answer a ques- 
tion recently asked by Babinkostova, Pansera and Scheepers. In the second part of 
the paper we study a game-theoretic version of cellularity, a special case of which 
has been introduced by Aurichi. We obtain a game-theoretic proof of Shapirovskii's 
bound for the number of regular open sets in an (almost) regular space and give 
a partial answer to a natural question about the productivity of a game strength- 
ening of the countable chain condition that was introduced by Aurichi. As a final 
application of our results we prove that the Hajnal- Juhasz bound for the cardinality 
of a first-countable ccc Hausdorff space is true for almost regular (non-Hausdorff) 
spaces. 

1. Introduction 

One of the main inspirations for our work is the celebrated theorem of Arhangel'skii, 
which in 1969 solved a forty years old problem of Alexandroff and Urysohn. 

Theorem 1.1. (Arhangel'skii's Theorem) If X is a first- countable Lindelof space, 
then \X\< 2^". 

The importance of this result is witnessed by the wealth and variety of generaliza- 
tions that have been offered of it. 

Very soon after the publication of his paper, Arhangel'skii himself asked whether 
Theorem 11.11 remains true if the condition of first-countability is relaxed to the re- 
quirement that all points are Gs- This turned out to be a difficult problem and it was 
eventually solved by Saharon Shelah in [13] in the negative. Later on, Isaac Gorelic 
found a simpler counterexample. He constructed a model of ZFC where CH holds, 2*^^ 
can be arbitrarily large and there exists a zero- dimensional Lindelof space with points 
Gs and cardinality 2*^^. However, it is still an open question whether the cardinality 
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of a Lindelof Hausdorff space with points Gs is always bounded by Arhangel'skii 
proved that the cardinahty of every Lindelof Ti space of countable pseudocharacter 
is less than the first measurable cardinal, while Juhasz constructed examples of Lin- 
delof Ti spaces with countable pseudocharacter of arbitrarily large cardinality below 
the first measurable. However, it is still unknown whether the cardinality of every 
Lindelof first-countable Ti space is bounded by the continuum. 

Scheepers and Tall recently provided a new partial positive solution to Arhangel'skii 's 
problem by using infinite games. To present it, we need to fix some notation. Let a 
be an ordinal and A and B be collection of sets. The symbol G^^AiB) (respectively, 
GJ^^{A,B)) denotes the game of length a played by two players 1 and 2 in the fol- 
lowing way: at the /3-inning player 1 choose Uji & A and player 2 responds by taking 
an element Vp ElAp (respectively, a finite set Vp C Up). Player 2 wins if and only if 
[Vp : [i < a} e B (respectively, {j{Vp : /3 < «} G S). 

Given a topological space X, we denote by Ox the set of all open covers of X. 
In IH] Scheepers and Tall focus on the game Gi^iOx^Ox)- It is evident that if 
the cardinality of X does not exceed Ki, then player two has a winning strategy in 
G^^{Oxi Ox)- It is also not hard to see that if X = 2^^ then player one has a winning 
strategy in Gf^{Ox, Ox)- One of the main results of Scheeper and Tail's paper [H] 
is the following variant of Arhangel'skii 's Theorem. 

Theorem 1.2. (Scheepers and Tall, [H]^ Let X he a space of countable pseudochar- 
acter such that player two has a winning strategy in G^^{Ox-i Ox)- Then \X\ < 2^°. 

Another important generalization of Arhangel'skii 's Theorem was proposed by Bell, 
Ginsburg and Woods in 1978. Recall that a space X is weakly Lindelof if every open 
cover has a countable subcoUection whose union is dense in X. The class of weakly 
Lindelof spaces is much more general than the class of Lindelof spaces and includes 
the class of all spaces with the countable chain condition. 

Theorem 1.3. (Bell, Ginsburg and Woods, [4]j Let X be a weakly Lindelof first- 
countable normal space. Then \X\ < 2^". 

The question of whether normality can be relaxed to regularity in the above theorem 
is still open. 

Question 1.4. (\^) Is the cardinality of every regular first- countable weakly Lindelof 
space bounded by the continuum? 

We will offer a partial answer to this question by using a game-theoretic variant of 
weak Lindelofness. 

Other attempts have focused on extending Arhangel'skii's Theorem to the realm 
of non-regular spaces. 

Recall that a space X is called H-closed if every open cover has a finite subfamily 
whose union is dense in X and is called almost Lindelof if for every open cover U 
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of X there is a countable collection V C U such that 1J{^ : V E V} = X . It is 
easy to realize that every regular almost Lindelof space is Lindelof and every regular 
if -closed space is compact, but these are strict weakenings of Lindelofness in the 
non-regular realm. Obviously, every ii-closed space is almost-Lindelof. Recall that a 
space X is called Urysohn if for every pair of distinct points x,y E X there are open 
neighbourhoods U of x and V of y such that U nV = ^. 

Theorem 1.5. (Bella and Cammaroto, [2]j Let X he an almost Lindelof Urysohn 
first- countable space. Then \X\ < 2^°. 

Theorem 1.6. (Gryzlov, [7]j If X is a first- countable H-closed space then \X\ < 2^°. 

The obvious common generalization of Theorems 11.51 and 11.61 was later disproved 
by Bella ad Yaschenko in [5], where the authors construct first-countable Hausdorff 
almost Lindelof spaces of arbitrarily large cardinality. 

By considering a game-theoretic variant of the almost Lindelof property we will be 
able to relax the first-countability condition in Theorem 11.51 while Theorem 11.61 will 
be key in disproving a conjecture of Babinkostova, Pansera and Scheepers regarding 
another game-theoretic strengthening of the same property. 

The interested reader can find more on variants of Arhangel'skii's Theorem in 
Richard Hodel's survey paper [9]. 

One of the most important cardinal invariants in topology is the cellularity, that 
is the supremum of sizes of families of pairwise disjoint non-empty open sets in a 
topological space. This cardinal invariant is featured in many cardinal bounds in 
Juhasz's book [TD] and has stimulated much research on the border between topology 
and set theory. 

Leandro Aurichi |T] recently introduced a natural game strengthening of countable 
cellularity and discussed its productive behavior. Considering higher cardinal versions 
of his game will allow us to give a game-theoretic proof of Shapirovskii's bound on 
the number of regular open sets, improve Aurichi's results on products and show that 
the Hajnal-Juhasz bound on the cardinality of a first-countable ccc space is true for 
almost regular non-Hausdorff spaces. We finish by showing that this last bound is not 
true for Ti spaces, even if the countable chain condition is strengthened to Aurichi's 
game version of it. 

For notation and terminology we refer to [6]. 

2. Variants of Arhangel'skii's Theorems 

Given a topological space X we denote by Vx the collection of all families of open 
sets U such that [J W is dense in X and by Ox the collection of all families of open 
sets U such that {^7 : U eU} covers X. 
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Recall that a space X is said to be almost regular if the collection of all non-empty 
regular closed sets is a vr- network for X, that is, for every non-empty open set U G X 
there is a non-empty open set V such that V G U. Every regular space is clearly 
almost regular. 

The closed pseudocharacter of X (ipciX)) is defined as the least cardinal n such 
that for every x G X there is a family U of open neighbourhoods of X such that 
f]{V:VGV} = {x}. 

Theorem 2.1. Let X be a space of countable closed pseudocharacter (in particular, a 
first- countable Hausdorff space). If player two has a winning strategy in Ox) 
then \X\ < 2^«. 

Theorem 2.2. Let X be a first- countable almost regular space. If player two has a 
winning strategy in G^^{OxiT^x) then \X\ < 2^°. 

The proofs of Theorems 12.11 and 12.21 have been clumped together since they are 
very similar. 

Proof. For every x G X fix a family {Ua{x) : a < c} at x witnessing the countable 
closed pseudocharacter (respectively, the countable local character) of the point x in 
X. Let F be a winning strategy for player II in the game G^^^Ox, Ox) (respectively, 
(C,P)). 

Claim 1 Let a < ui and (U13 : /3 < a) be a sequence of open covers. For every 
neighbourhood U of x there is an open cover U such that: 

F((W^ : /3 < a)-{U)) = U 

Proof of Claim 1. Assume the contrary, and for every x G X fix a neighbourhood 
of X, such that, for every open cover W, we have: 

F{{Up : /3 < a)-{U)) ^ 

The set V = {U^ : x G X} is an open cover of X, and thus we may find y G X 
such that F^iUp : /3 < a)'^ iV)) = Uy, but that is a contradiction. A 

Use the claim to choose xg G X so that for each open neighbourhood U of x© there 
is an open cover U such that F{{U)) = U. Then, for each n < u choose an open cover 
^(o,n)} such that F((W{(o,„)}) = t/„(x0). 

For each uq < oj choose X{(o,no)} ^ ^ satisfying Claim 1 for the open cover W{(o,no)}- 
Then, for each no,n < cu choose an open cover W{(o,no),(i,n)} with: 



-P'((W{(0,no)},^(0,no),(l,n)})) = t4(a;{(0,no)}) • 
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Then for each no,ni < oj choose a;{(o,„o),(i,ni)} G X as in Claim 1 for the se- 
quence of open covers (W{(o,no)})^{(o,no),(i,ni)})- For each n < uj choose an open cover 

W{(0,no),(l,ni),(2,n)} SUCh that 

-P'((W{(0,no)},^{0,no),(l,ni)},W{(0,no),(l,ni),(2,n)})) = Un{x{(o,no),{l,ni)}) , 

and so on. 

Now let a < ix!i and suppose that for every / G U/3<a'^" "^^ have chosen points 
Xf E X and open covers Uf such that for all (3 < a and for every f & co^ and n < cu 
we have: 

F{{Ufi^ : 7 < /3r{Ufu{i(S,n)})) = Un{xf) 

Consider feu"'. Let Xf E X he the point guaranteed by applying Claim 1 to the 
sequence (C//^^ : /3 < a) of open covers. Then, for each n < ui choose an open cover 
Ufu{{a,n)} such that: 

F{ipif^p : P < anUfu{(a,n)})) C U^ixf) 

At the end of the induction we will have chosen, for each / e Ua<a)i ^ point 
Xf & X and an open cover Uf such that for each such / and each n < a;, if / e a;^ 
then 

F{{Uf^p : (3 < x)^(W/u{(x,n)})) = Ur^ixf). 
Let D — {xf : f e Ua<wi note that \D\ < c. 

Claim 2. The set coincides with X (respectively, is dense in X). 

Proof of Claim 2. Suppose not. Then we can find a point p E X \ D (respectively, 
an open set V such that V C X \ D). Choose Uq such that p ^ (respectively, 
Uno (2^0) n y = 0). Player I plays with W|(o,no)} player II responds by means of the 
strategy F. Suppose player I has played open covers {Ufus : /3 < a) for some / e 
such that /(O) = uq. Choose Ua such that p ^ (respectively, Un^{xf) DV = 0) 
and let player 1 play W/u{(a,na)}- In this way we build an F-play which is lost by 
player two. But this contradicts the fact that F is a winning strategy for player two. 

A 

Since we clearly have \D\ < 2^^' the proof of Theorem 1 is conchidcd. To finish 
the proof of Theorem 2 it suffices to observe that, since X is first countable and D is 
dense, we also have that \X\ < 2^°. 

□ 
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Corollary 2.3 (CH). Suppose X is a space of countable closed pseudocharacter. Then 
player II has a winning strategy in G^^{Ox-, Ox) if o-nd only if \X\ < Ki. 

Corollary 2.4 (CH). Suppose X is a first- countable almost regular space. Then 
player II has a winning strategy in G^^{Ox-,T^x) if o-nd only if \X\ < Ki. 

If player two can always win the respective games in u many moves, then it's clear 
that the set D constructed in the proof is actually countable. This allows us to give 
alternative proofs to two theorems presented in 

Theorem 2.5. Let X be a space of countable closed pseudocharacter. If player two 
has a winning strategy in the game G'^{0, O) then X is countable. 

Theorem 2.6. Let X be a first, countable almost regular game. If player two has a 
winning strategy in the game Gi{0,V) then X is separable, 

A further inspection in the proofs of Theorems 11.21 and 12.11 shows that they can be 
formulated in a more general way. 

Theorem 2.7. Let X be a space such that ip{X) < 2^°. If player two has a winning 
strategy m (C»x,Cx) then \X\ < 2^o. 

Theorem 2.8. Let X be a space such that ipc{X) < 2^". If player two has a winning 
strategy m then \X\ < 2^°. 

Also, the following theorem can be proved along the lines of the proof of Theorem 

EH 

Theorem 2.9. Let X be a regular sequential space such that x{^) ^ 2^°. If player 
two has a winning strategy in Gi^{0,V) then \X\ < 2^°. 

Theorem 11.21 is no longer true if we assume that player one does not have a winning 
strategy in Gi^{Ox,Ox)- Indeed Scheepers and Tall point out in [H] that if X 
is Gorelic's space, then X has the Rothberger property, and hence, by a result of 
Pawlikowski [TT] player one does not have a winning strategy even in the shorter 
game G'^{Ox, Ox)- Since, for regular spaces. Theorem 11.21 and Theorem 12.11 coincide . 
we see that also in Theorem 12. II j)/at/er two has a winning strategy cannot be weakened 
to player one does not have a winning strategy. 

Theorem 11.21 suggests the following natural questions: 

Question 2.10. Let X be a space of countable closed pseudocharacter and assume 
that player two has a winning strategy in G'^j^i^Ox, Ox)- Is it true that \X\ < 2^° ? 

As a mild motivation towards a positive answer to the above question, note that if 
X is a (T-compact space then player two has a winning strategy in Ox)- 

Question 2.11. Let X be a first- countable space in which player one does not have 
a winning strategy in Gi^{0, O). Is it true that \X\ < 2^" ? 
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In reference to the above question, note that the fact that player one does not 
have a winning strategy in G^^lOx, Ox) appears to be much stronger than X having 
Lindelof number < ui . 

Theorem 12.11 suggests the following question: 

Question 2.12. Let X be a first countable Hausdorff space such that player one does 
not have a winning strategy in Gi{Ox, Ox)- Is it true that \X\ < 2^" ? 

If player one does not have a winning strategy in C^^^Ox, Ox) then X is almost 
Lindelof, so the Bella- Cammaroto theorem implies that the above question has a 
positive answer in the realm of Urysohn spaces. 

The analogous of Question 12.101 for Theorem 12.11 has a negative answer, as we are 
now going to show. 

Definition 2.13. A subset X of the space Y is relative H -closed in Y if for every 
open cover U ofY there is a finite subfamily W dlA satisfying X (IW . 

Theorem 2.14. If a space X is the union of countably many sets, each of which is rel- 
atively H-closed in X, then player two has a winning strategy in the game G^j^^{0^ O) . 

Proof. Let {Yn : n < u} he a, cover of X by relatively iJ-closed sets. To define a 
winning strategy for player two in G^i^Ox^Ox), assuming player one chooses the 
open cover lA at the n-th inning, let player two choose a finite collection V G O such 
thatK„cUV. □ 

In a similar way, we can prove the following theorem. 

Theorem 2.15. ([3\) If a space X contains a dense subspace which is the union of 
countably many relatively H-closed subsets, then player two has a winning strategy in 
G^^iOx.Ox). 

In Theorem 12.21 we cannot relax first-countability with countable tightness and 
countable pseudocharacter. 

Example 2.16. For every cardinal k, there is a space X such that \X\ = k, and player 
two has a winning strategy in G^^{0,'D). 

Proof. In ^ the authors constructed, for every cardinal X with the fol- 

lowing properties: 

(1) |X| = K. 

(2) X has countable pseudocharacter and countable tightness. 

(3) There is a countable subset Y d X such that for every open set U containing 
F, X \ [/ is countable. 
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To see that player two has a winning strategy in Gi^{Ox,1^x) let {?/„ : n < u} 
be an enumeration of Y. For every n < u, if player one plays open cover W„ at the 
n-th inning, let player two choose an open set f/„ G W„ such that x„ G f/„. Let 
U = IJn<w and {zn : n < u} enumerate X \U. For every n < u, if player one 
plays open cover V„ at inning u + n, let player two choose Vn EVn such that 2;„ G V^. 
Then {Un '■ n < co} U {Vn n < u} has dense union in X and thus player two wins 
the game if he plays according to the strategy described above. □ 

In Theorem 12.21 almost regularity cannot be dropped. 

Example 2.17. For every cardinal k there is a first- countable Hausdorff space X 
such that player two has a winning strategy in Gi{Ox,1^x) ■ 

Proof. In [4j the authors construct, for every cardinal k, a first-countable space X 
such that |X| = K and there is a subspace Y G X such that every open set containing 
Y is dense in X. In a similar way as in the proof of Example I2.16[ one proves that 
player two has a winning strategy in C^i^Oxyl^x)- D 

We remarked that the assumption of countable closed pseudocharacter in Theo- 
rem 12.11 is satisfied in the case of a Hausdorff first-countable space. However the 
closed pseudocharacter of Ti first-countable spaces can be arbitrarily large, and in 
fact Sakai showed in [12] an example of a first-countable Ti space X of arbitrarily 
large cardinality such that player two has a winning strategy in G^^Ox, Ox)- 

Example 2.18. (Sakai, ^\) There is a Ti almost regular first countable space of ar- 
bitrarily large cardinality X where player two has a winning strategy in Gi{Oxi Ox)- 

Proof. Let k be a cardinal and let A and B be disjoint sets such that = a; and 
\B\ = K. Let X = AU B, where we declare each point of A to be isolated and declare 
a basic neighbourhood of a point x G -B to be of the form {x} U C where C is cofinite 
in A. 

This is clearly a Ti first-countable space and the closure of every open neighbour- 
hood of a point of S in X is cofinite, and thus player two has a winning strategy in 
Gi{Ox, Ox)- Moreover, X is an almost regular space, because every point of A is 
isolated and every open set hits A. □ 

In Question 23 of [3J, the authors ask whether, in the Hausdorff realm, the space 
X has a a-H-closed dense subset if and only if player two having a winning strategy 
in G'jj^^{Ox,1^x)- We now present a negative answer to this question. 

Example 2.19. There is a space X such that player two has a winning strategy in 
G'j^^{Ox,1^x) but no dense subset of X is the union of countably many H-closed 
subspaces. 
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Proof. In [5j, Yaschenko and the first author construct, for every measurable cardinal 
K, a first-countable Hausdorff space X such that X is the union of countably many 
relatively if-closed subsets and |X| = k. By Theorem 12.141 player two has a winning 
strategy in GJ^^{Ox, Ox) (and hence also in G'f^^{Ox,1^x))- However, no dense 
subset of X is cr- if-closed. To see that, note that, since every first-countable in- 
closed space has cardinality bounded by the continuum, if a space has a cr- if-closed 
dense subspace then it also has density at most continuum. But a first-countable 
space of density bounded by the continuum also has cardinality bounded by the 
continuum. □ 

We finish this section by suggesting another possible way to give a partial answer 
to Question II. 4[ Since the fact that player two has a winning strategy in Gj^^iO 
seems to be much stronger than the weak Lindelof property, it appears reasonable to 
ask the following question. 

Question 2.20. Let X he a first- countable regular space and assume that player two 
has a winning strategy in the game C^^^i^Oxyl^x) ■ Is it true that \X\ < c? 

3. The cellular-open game and Shapirovskii's bound on the weight 

Given a topological space X we denote by Cx the family of all maximal pairwise 
disjoint open families in X. The game G\{CxiT^x) was introduced by Aurichi in [1] 
for the case t = u. 

Note that there is a clear connection between this game and the games studied in 
the previous section. 

Proposition 3.1. If player two has a winning strategy in the game G\{C^T>) then it 
also has a winning strategy in the game Gl{0,V). 

Proof. Indeed, let Ua be the open cover played by player I at the a-th winning. Refine 
Ua to a maximal cellular family Cq. Player II uses his strategy to pick an open set 
Ua G Ca SO that |J{^a : « < t} is dense in X. □ 

If X is a space such that player two has a winning strategy in Gi(Cx,T^x), then 
certainly X is ccc. However, the game-theoretic property appears to be much stronger 
than the ccc, and thus it is reasonable to expect a better behaviour with respect to 
the various topological operations. For example, we may ask the following question. 

Question 3.2. Let {Xi : i E 1} be a family of spaces such that player two has a 
winning strategy in Gf{Cxi,T^Xi) for every i E I and let X = Yli^i-^i- Is it true that 
player two has a winning strategy in G'^{CxiT^x) ? 



Quest ion 13 . 2 1 was addressed by Aurichi in [Tj, who gave the following partial answer 
(note that a countable vr-base suggests an obvious winning strategy for player two). 
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Theorem 3.3. (Aurichi, [T]j Let {Xi : i E 1} be a family of spaces such that Xi a 
countable ir-base for every i G I and X = Jlie/ ■ ^^^^n player two has a winning 
strategy in Gi{Cx,1^x) ■ 

We will be able to replace countable vr-weiglit with countable vr-character in the 
above result, by proving that a winning strategy for player two is actually equivalent 
to countable vr-weight in the realm of spaces with countable vr-character. This will be 
the byproduct of a game-theoretic proof of Shapirovskii's bound on the regular open 
sets, which stands on the playful characterization of cellularity provided by Theorem 

Definition 3.4. We define the cellular-open number of X (con{X)) to be the least 
cardinal n such that for every play of player one, player two is able to win in a moves 
with \a\ < K. 

Theorem 3.5. For every space X, c{X) = con{X). 

Proof. To prove that con{X) < c{X), suppose c{X) = k. Let Ma be the maximal 
cellular family played by player one at the ath inning and suppose that in his turn 
player two picks [/„ G Aia- 

Moreover, suppose that we picked open sets {Va :«</?} such that {Ua H Va '■ 
a < /?} is a pairwise disjoint family of non-empty open sets. If IJa</3 is dense 
then player two won. Otherwise, we can find a non-empty open set Vg such that 
Va n U„</3 Ua = 0. Now let U^j e Mphe such that Vg fl t/^? 7^ 0. In the /3-th inning, 
player two picks ?7g. Note that the family {Ua fl Vq, : a < /?} is pairwise disjoint. 
If the two players were able to carry this on for k"*" many innings we would obtain 
a K^-sized pairwise disjoint family of open sets, which contradicts c{X) = k. Thus 
con{X) < K. 

Viceversa, assume that con{X) = k, and suppose by contradiction that c(X) > 
Then we can fix a maximal cellular family C of size at least k"*". Let player one play 
C at every winning. By con{X) = k, player two is able to win the game in a many 
innings, with |a| < k, and thus the fact that C is a cellular family is contradicted. □ 

Theorem 3.6. Let X be an almost regular space. 

(1) nw{X) < {nx{X)r^''\ 

(2) If player two has a winning strategy in Gi{C,V) and itx{X) < u then X has 
countable n-weight. 

Proof. Set TTxi^) = c(X) = /i. For every x G X let V{x) be a local vr-base at 

X having size k. By Lemma [3.51 we can fix a winning strategy F for player two in the 
game GfiCx,Vx). 
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Claim 1. Let a < and (Wyj : /? < a) be a sequence of maximal cellular families. 
For every neighbourhood U ol x there is a non-empty open V C U with V e V{x) 
and a maximal cellular family U such that: 

F{{Up : /3 < a)^{U)) C V 

Proof of Claim 1. Suppose this is not true. Then for every x e X fix a neighbourhood 
Ux of x, such that for every open V <zUx with V &V{x) and every maximal cellular 
family U we have: 

F{{Ufi : /3 < anU)) ^ V 

Let V = {B : {^x){B e V{x) AB C Ux)}. The poset of all cellular famihes refining 
V satisfies the assumptions of Zorn's Lemma, and hence we can fix a maximal element 
U in it. Since V has dense union in X,V( is actually a maximal cellular family. 

Then F{{U0 : (5 < a)^(V)) C B, for some B e Vix) such that B C Ux- But this 
is a contradiction. 

A 

For every x & X, let t{x) = {U G r : x E U} . 

Choose a point xg^ E X satisfying Claim 1 for the empty sequence. For every 
U G t{x$) we can then choose an open set V^} G V{x$) such that V^} C U and 
a maximal cellular family Ujj such that F{{Ufj)) C Vu- Let {U^{xiij) : 7 < 
enumerate the set {V{j : U G t{x%)}. For every a < k choose U G t(x0) such 
that F{{Uij)) C Ua{x^) and define W{(o,a)} = W^- 

For each < k choose a;{(o,Qo)} ^ ^ satisfying Claim 1 for the sequence (W{(o,q,))}). 
Then for each U G T(a:{(o,ao)}) we can choose an open set Vj) G ^(a^{{o,ao)}) ^'^'^ ^ 
maximal cellular family such that F{{Us^{Q^aa)}Mu)) ^ ^u- ^et {^7(a;{(o,ao)}) • 7 < 
enumerate the set {V^ : C/ G T{x{(o,ao)})}- every a < k choose U G '7'(a;{(o,ao)}) 
such that F((W{(o,ao)}, W^)) ^ C/a(x{(o,ao)}) and define W{(o,ao),{i,a)} = ^i^- 

Now let 9 < and suppose that for every / G IJ/3<6» '^'^ have chosen a point 
Xf E X, a maximal cellular family Uf and a local vr-base {U^{xf) : 7 < at such 
that for all /3 < 6* and for every f E and p < k we have: 

Fix f E K,^. Let x/ G X be the point guaranteed by applying Claim 1 to the 
sequence {Ufi/3 : (3 < 9) of maximal cellular families. Then, for each U G r(a;/) we 
can choose an open set Vjy G V{xf) and a maximal cellular family such that 
F{{Ufi^ : p < 9)-{Ufj)) C V^. Let {U^{xf) : 7 < enumerate {V^ : U E t(x/)}. 
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For every a < choose U G t(x/) such that F{(Uf\i3 : /3 < 0)'~^{Ufj)) C Ua{xf) and 
define Uf-((e,a)) = Uu- 

At the end of the induction we will have chosen, for each / G IJ6i<At+ '^^ ^ point 
X/ G X, a maximal cellular family Uf and a local vr-base {U^{xf ) : 7 < k} at x/ such 
that for each a < n, x < f^~^ and f & k,^ we have: 

: /3 < x)^(W/u{(x,«)})) c U^ixf). 

Let D = {x^ : / G U.<,+ 
Claim 2. The set D is dense in X. 

Proof of Claim 2. Suppose not. Then we can find an open set V such that V flZ^ = 0. 
Since {U^{x^ : 7 < /t} forms a local vr-base at we can choose an ordinal 70 < k 
such that ?Xy„(x0) fl \^ = 0. Player one then plays ^{(0,70)} his first move. Suppose 
player I has played maximal cellular families : /3 < a) for some / G such that 
/(O) = 7o. Choose 7^ such that U^^{xf) HV = (/i and let player one play W/u{{a,7(i)}- 
In this way we build a play which is lost by player two using the strategy F. But this 
contradicts the fact that F is a winning strategy for player two. A 

Since \D\ < k^, we then have that d{X) < n^. Now we have tiw{X) < 7rx(X) • 
d{X) < (7rx(X))^W. 

To prove the second statement, note that if player two has a winning strategy in 
Gi{C,V) then the set D defined before Claim 2 is actually countable. Now, every 
separable space of countable vr-character has countable vr-weight. □ 

Corollary 3.7. (Shapirovskii) Let X he an almost regular space. Then p{X) < 
vrx(X)-W. 

Proof. This follows from Theorem 13. 6[ ([T]) and the inequality p(X) < ■7tw{XY^^\ a 
proof of which can be found in [10]. □ 

Theorem 13.61 (E]) yields the following characterization. 

Corollary 3.8. Let X be a regular space of countable 7c-character. Then X has 
countable Tc-weight if and only if player II has a winning strategy in G'^{C,T>). 

Putting together Corollary 13.81 and Theorem 13.31 we obtain the following partial 
answer to Question 13.21 

Theorem 3.9. Having a winning strategy for player two in the game Gi{C,V) is 
productive for the class of spaces of countable n-character. 

Hajnal and Juhasz proved in [8j that the cardinality of first-countable ccc Hausdorff 
spaces is at the most the continuum. Combining Proposition 13.11 Theorem 12.21 and 
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Theorem 13.51 we obtain that the Hajnal-Juhasz bound is true for the class of almost 
regular spaces. Note that there are almost regular non-Hausdorff spaces (Example 
12. 181 provides an example of such a space). 

Theorem 3.10. Let X be an almost regular ccc first- countable space. Then \X\ < c. 

However, Hajnal and Juhasz's bound fails for first-countable Ti spaces where player 
two has a winning strategy for the game Gi{C,V), as the following example shows. 

Example 3.11. Let k, be any uncountable cardinal. There is a Ti first- countable 
space such that \X\ = k, where Player II has a winning strategy for Gi{CxiT^x)- 

Proof. Let A C M \ Q be a countable dense subset in the Euclidean topology. We 
define a topology on X = (Q x k) U A, by declaring 

{(r,/3) : |r - g| < l/n,r e Q, (3 < k} U {s e A : \s - q\ < l/n} \ F 
to be a basic open set, where g G Q and F G [X]^*^. 

This defines a Ti first countable topology on X. To see why Player two has a 
winning strategy for G'J^(Cx, ^^x), let {Un : n < w} be a countable base for A in the 
relative topology (which coincides with the Euclidean topology on A). Let C„ be the 
maximal cellular family player by player I at the n-th inning. Then {C r\ A : C & Cn} 
is a maximal cellular family in A. So let C„ G C„ be such that ?7„ fl C„ 7^ 0. Player II 
plays Cn at the n-th inning. It is clear from the definition of the topology on X that 
|J{C„ : n < oj} \s dense in X. □ 
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